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F i .n i t e  e l emen t s  have been developed  f o r  t h e  ana3.ysis o f  p h n e  strcss- 
p l a n e  s t r a i . n  p r o b l e m '  b G d i e s  of r e v o l u t i o n 2  apd s h e l l s  of r e ~ o l u t i o n ~ ~ ~ ' .  
Eiiiwzver, consFdera t1  e d i f f i c u l t i e s  have been  encoun te red  i n  t h e  development 
of s u i t a b l e  p l a t e  and s h e l l  e l m e n t s .  These d i f f i c u l t i e s  are caused  by t h e  
need f o r  b o t h  d i s p l a c e n e n t  and s l o p e  c o i n p a t i b i l i t y  a long  t h e  liries connec t ing  
t h e  e l e n e n t s  ~ 7 h i c h  i n  tur i l  i s  caused  by t h e  dependence of the i n t e r n a l  encrgy  
cn t h e  seco rL i  d e i i v a t i v s s  of t he  normal  d i s p l a c e n e n t .  One way t o  avo id  t h e  
need f o r  c o m p a t i b i l i t y  of f i r s t  d e r i v a t i v e s  i s  t o  i n c l u d e  t r a n s v e r s e  s h e a r  
de fo rma t i cns  thus y i e l d i n g  2. s t r a i n  ene rgy  e x p r e s s i o n  as a f u n c t i o n  of the 
f i r s c  d c r i v a t i v s s  o n l y .  T t i t s  approach  h a s  besn  used i n  Ref s .  5 ,  6 ,  and 7 .  
H o I J e V e r ,  t h o s e  r e s e a r c h e r s  used l i cea r  f u n c t i o n s  f o r  a l l .  v a r i a b l e s  whj ch 
y i e l d s  a s o l u t i o n  v h i c h  converges  slo:.;ly w i t h  mesh r e f i n e m e n t ,  The p u r p J s e  
o f  t h i s  n o t e  i s  t o  p r e s e n t  a co inpa t ib le  t r i a n g u l a r  D la t e  e lepei i l  based 02 a 
comple te  third o r d e r  p o l y 3 o i i ; i d  f o r  t h e  n o m a 1  d i sp lacemen t  a?d seccnd  o r d e r  
polynoni ia ls  f o r  t h e  i n . p l a i i e  d i s p l a c c a e n t s .  A n i n e  degrci:  of f rEedo:i denien: 
P 
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i s  ob ta i  n i ~ d  b y  r e q u i r i n g  tlic: t r a n s v e r s e  s h e a r  de fo rma t ions  t o  b e  ze ro  a t  t h e  
nodes and a l o n g  tlie sicks of the e lement .  
Cons ider  a l a m i n a t e  of t h i c k n e s s  dz  l o c a t e d  a t  a d i s t a n c e  z from tile 
midsu r face  of  t h e  p l a t e  ( F i g .  1). The d i sp lacemen t s  o f  t h i s  l a m i n a t e  a r e  
re p res a i  t e d by 
au1 au2 au3 + L (21, -1) -- = 1 1  az 2 2  az 3 3  az L1(2L1-1) -- + L (21, -1) -U '  = 
a1.7 2 2 
1 1  2 3 1 1 3 2  2 ' 3  w = L (L +3L +3TJ )V + L ( C  L - C  I ) ax 
a\$ 
1 2 3  a Y  
+ . . . + a L L L  + L (b L - b3L2) - 2 1 2 3  
where u ,  v ,  = d i sp lacemen t s  in x, y ,  and z d i r e c t i o n s  r e s p e c t i v e l y  
L1' I J 2 Y  L3 = a r e a  c o o r d i n a t e s  (Ref .  8) 
- bi - Y j  - Yk 
= x - x  
k j  
C i 
a = g e n e r a l i z e d  c o e f f i c i e n t  
-3- 
A n i n e  d e g r e e  of freedoni e l e w n t  is obt-ained by r e q u i r i n g  thc t r a n s v e r s e  
s h e a r  strains t o  be  ze ro  a t  t h e  c o r n e r s  and a long  thc  sides O T  the> elcrnent 
and, by asstinling the  slope.  normal t o  t h e  cleriient a t  tlie m i d d l e  o f  t h e  side 
i s  one-half  t h e  sum of  the val.ues a'i the c o r n e r  nodes.  These c o n d i t i o n s  y i e l d  
i = 1, 2, 3 
au; a V6 
Y -, and av5 
a L1 
az az  az az 
5 The equa t io i l s  f o r  -- , 
are 0btai.i:e.d by cyclic p e r i n u t a t i o n .  I n t e r n l e r c e n t  conpetibiiiLy is still 
s a t i s f i e d  rEtc?r Eqs .  2 are app1i.c.d. 
., . \ eg lec t ing  t h e  s i r a i n  ene rgy  di!? t o  transvers? shea r  the s t r a i n  energy 
e s p r i l s s i o n  f o r  t hc  e 1 . e x n t  i s  ti?? sm.2 as t h z t  used in .p l .ane s t r t s s  p r o b l e m .  
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u =  E j (E; 3 + E 2  f 2 V E  E f -- 1-v E 7. ) dAdz 
Y X Y  2 XY 1-"2 
where E =. Young's modulus 
v = P o i s s i o n ' s  r a t i o  
2 U  E: = -  
x ax 
It i s  n o t e d  t h a t  w does n o t  e n t e r  t h e  s t r a i n  energy  e x p r e s s i o n  b u t  
e n t e r s  th rough Eqs. 2.  The element  s t i f f n e s s  m a t r i x  i s  o b t a i n e d  by 
s u b s t i t u t i n g  t h e  assumed d i s p l a c e m e n t  f u n c t i o n s  i n t o  t h e  s t r a i n  energy  
e x p r e s s i o n  and i n t e g r a r i n g  over t h e  volume of t h e  e lement  u s i n g  t h e  re- 
la t i o n 9  
2 A  i. j k 1 2 3  
i!j ! k! 
(n+2> 1 
j L  L L d 4  = - 
( 3 )  
( 3 )  
where n = i + j  + k 
A = area o f  el.err.snt 
The element  s t i f f n e s s  ma. t r ix  i s  symmetric and p o s i t i v e  d e f i n i t e .  
The a c c u r a c y  of  t h i s  e l e n e n t  r e p r e s e n t a t i o n  i s  demonst ra ted  by s o l v i n g  
s i m p l y  s u p p o r t e d  arid c l - a ~ p e d  p l a t e s  under  u n i f o m  and c o n c e n t r a t e d  l o a d i n g s .  
For  t h e  uni form p r e s s u r e  l c a d i n g  o n e - t h i r d  of  t h e  t o t a l  l o a d  w3as a i l o c a t e d  
t o  each d i s p l a c e m z t  a t  t h e  c o r n e r s  o f  tile eleznent. The p l a t e  i d e a l i z a c L o n  i s  
sb.ovn i n  F i g .  3, 2nd t h e  results f o r  t h e  d c f l e c t i o n  c o e f f i c i e n r s  a t  t h e  c e n t e r  
of t h e  p l z t e  a r e  p r e s e n t e d  i n  l 'able 1. It: i s  n o t e d  t h a t  the h a s i c  elernent  
l i s t e d  as (rQ3 ( q u a d r a t i c  11 - c luadra i ic  v - t h i r d  o r d e r  w) i s  a l i t t l e  s o f t .  
The r e s u l t s  l i s t e d  as 403-3 were o b t a i n e d  by d i v i d i n g  the o r i g i n a l  elerwnt 
i n t o  t h r c e  sub-elements  w i t h  an i n t e r n a l  node a t  t h e  c e n t r o i d  of t he  o r i g i n a l  
e lement .  This g i v e s  a n i n e  degree  of freedom e l e i w n t  w i t h  ze ro  t r a n s v e r s e  
s h e a r  a l o n g  t h e  s i d e s  and a long  t h e  l i n e s  from t h e  c o r n e r s  t o  the c e n t r o i d .  
It i s  no ted  t h a t  t h e  convergence c h a r a c t e r i s t i c s  of the 003-3 e lement  a r e  
q u i t e  good. 
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